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Introduction
The photonic band gap material is nowadays one of central issues in photophysics and optoelectronics communities [1, 2] . Accurate computation of the band structure is thus indispensable for the development of various optoelectronic devices and optical fibers based on these materials [3, 4, 5] . It is well known that the conventional plane wave method has convergence problem arising from the abrupt change in the value of dielectric function across the interface between matrix and inclusion [4, 6] . Special techniques are therefore required for the plane wave method to achieve faster convergence, such as interpolating dielectric function [7] for example. Other numerical methods have also been tried for more efficient calculations of photonic band structures. Among them are the finite-difference time-domain (FDTD) method [8, 9, 10] , the multiple-scattering theory [11, 12] , the transfer matrix method [13] , the finite difference method with effective medium theory [14] , the finite element method [15, 16, 17] , and most recently, the cell method [18] . In this paper, we apply the novel moving least-square (MLS) method to the bandstructure computation of 2D photonic crystals. The MLS method is also known as the meshfree method in the communities of solid and fluid mechanics. It is a real-space scheme, and thus the discontinuity of dielectric function can naturally be modelled without requiring the Fourier transform. In addition, any irregular shape of interface between materials is easily recognized in MLS modelling by simply putting nodes along the interface, which is similar to finite element method. On the other hand, it is a pointbased method that does not need grid or mesh in MLS approximation procedure, being different from other real-space techniques. Owing to its distinctive features, the MLS method has widely been applied to various kinds of engineering problems (for the most recent review, refer to [19] ). Specifically the method may be well-suited to the adaptive computation, which motivates us to investigate here the feasibility of this method for the band-structure calculation of photonic crystals. While executing the photonic band calculation, the most important issue is how to realize the crystal's periodicity in the MLS modelling procedure. To this end, we have developed an algorithm introducing a value-periodic MLS shape function. Therefore, the goal of this paper is to demonstrate that this periodic MLS shape function can be applied to highly accurate computations of photonic band structure. We show that its performance is outstanding well beyond the conventional plane wave method throughout numerical examples.
The moving least-square (MLS) approximation
The MLS representation of an arbitrary function begins with discretizing a domain by a set of nodes. Nodal value u J is assigned to each node. The approximation u h (x) of a function u(x) at any point x in the domain of computation is then expressed by
where NP is the total number of nodes. By minimizing the localized error residual functional that is expressed by the moving least-square procedure (see Appendix or [19, 20] for details), the MLS shape function N J (x) is defined as
where p(x J − x) is the polynomial basis vector and W (x J − x) the window function. They are here abbreviated as (2) is determined by solving the matrix equation of
where
T and the moment matrix M(x) is defined by
The MLS shape function is highly localized. That is, it vanishes in the most of problem domain, except a small region (so called compact support) of which the center is at the position x. The comprehensive description of MLS-based meshfree methods is found in a recent review paper [19] and references therein.
Galerkin formulation and matrix eigen-equations
For the computation of band structures in 2D photonic crystals, we begin with the two scalar equations for solving the unknown field intensity ψ(x) as below,
where λ = (ω/c) 2 and ε(x) is the dielectric function. ω is the frequency of the monochromatic electromagnetic wave, c the speed of light, and x the position vector in x-y plane. Applying the Floquet-Bloch theorem, the problems are reduced to solving for u(x) as
where k is the wave vector and u(x) is the function fulfilling the periodicity of lattice structure of which the lattice vector is L, i.e., u(x) = u(x + L). The Galerkin formulations for Eqs. (7) and (8) result in matrix eigen-equations as,
where, for TE modes, and, for TM modes,
The upper bars in (10) and (11) imply the complex conjugate, and N P J (x) is the periodic MLS shape function. The periodic nature of shape function is emphasized by the superscript P . We assume for now that the periodic MLS shape function enables the approximated functions to satisfy the periodic boundary conditions required. The derivation of such shape function is given in the next section. The matrix eigen-equations are solved using the eigensystem subroutine package (EISPACK) for the numerical examples in Section 5.
When we discretize the unit cell by a set of nodes (or points), it is geometrically natural to locate nodes exactly on the interface between matrix and inclusion. Unfortunately in this situation, it is not clear which dielectric constant has to be assigned to the interface nodes, because the matrix and inclusion have different dielectric constants from each other. In contrast, the MLS-based meshfree method usually employs a set of integration points, apart from the set of nodes, to calculate the integrals in matrix Eqs. [19] . And the integration points are located in either inclusion or matrix, not on the interface. Therefore, the given value of dielectric constant is straightforwardly assigned to integration points. It makes our implementation very simple, not requiring additional techniques such as, for instance, averaging or smoothing the dielectric function.
Value-periodic MLS shape functions
Now we modify the MLS representation in order to make the shape function inherently suitable for periodicity. For the computation of the shape function N J (x) at a specific point x, we have to search the associated nodes denoted by J due to the localized property of the shape function. These nodes are located under the support in which the shape function does not vanish. While searching those nodes, we must take the periodicity into consideration. This can be implemented step by step, as shown in Fig.  1 for the point x near the lower left corner of the parallelogram. We first find nodes (inside the unit cell) associated with the original point x. Secondly, we translate the point x to x + a 1 and search interior nodes again. Next, it is repeated for x → x + a 2 and for x → x + a 1 + a 2 . This translation-and-searching procedure is carried out for all translated points at which the support of shape function covers the unit cell. The resulting supports are illustrated in gray color in Fig. 1 . The description is now generalized to an arbitrary point x in the unit cell. Using the lattice vector L = n 1 a 1 + n 2 a 2 , the MLS approximation can be written in general form as
Note that b is a function of x, not of x + L. The vector b(x) is obtained by solving
The summation with respect to L is performed over the current unit cell itself and the neighboring cells only, because, for any farther L, the corresponding support does not overlap the unit cell of computation. In conclusion, the 2D value-periodic MLS shape function for a parallelogram unit cell whose primitive vectors are a 1 and a 2 , can be written as
Therefore the summation over n i 's results in 9 cells in 2D (or 27 cells for 3D case) at most. That is, n i = −1, 0, +1 in Eq. (15) is enough for any x in the unit cell. It should be carefully noted that the opposing boundaries are physically identical, i.e., Γ 1 = Γ 3 and Γ 2 = Γ 4 as illustrated in Fig. 1 . Therefore, for the nodal summation over J = 1, ..., N P , we must involve one boundary only among each identical pair in order to avoid over-summing. In other word, the nodes on Γ 3 and Γ 4 have to make no contribution to the summation with respect to J, once the corresponding nodes along Γ 1 and Γ 2 are summed up. An example of 2D periodic MLS shape function is plotted in Fig. 2 for a parallelogram unit cell.
Numerical examples
For numerical examples in this section, employed were the quartic spline function for window function W J (x), and the two-dimensional linear basis vector of p(x) = [1, x, y] T when calculating the MLS shape function. In general, window function is localized, nonnegative, continuous, and monotonously decreasing from its center. Localization implies that window function W J (x) does not vanish only in the compact support around its center. The size of support can be controlled by introducing a dilation parameter ρ in defining window function as W J (x; ρ). The compactness is necessary for efficiency. Once these requirements are met, it is not significant which actual type of window function is employed. From these points of view, quartic spline is one of the common choices for window function in MLS-based meshfree methods. The selection of basis vector p(x) is closely related to convergence. Equations (5) and (6), the master equations, are second order differential equations. In this case, it has been known that the linear basis vector is the simplest guaranteeing convergence [19] . For photonic band gap materials, effects of higher order basis vectors on the accuracy of band-structure computations may be one of the future studies. 
Electromagnetic Kronig-Penney problem
The electromagnetic Kronig-Penney problem is now considered. The unit cell is depicted in Fig. 3 , which is composed of two different dielectric materials. The analytic solution of this case can be obtained elsewhere [17] . This example is taken into consideration in order to investigate how accurately the MLS method handles the discontinuity of dielectric function. Dielectric constants of ε 1 = 1.0 and ε 2 = 9.0 are used for the simulation. Frequency band structures of both TM and TE modes are given in Fig. 4 . Lines are for the analytic solution and open circles for the MLS results using 11x11 nodes for TM modes and 41x41 nodes for TE modes. Convergence rates of the lowest five eigenvalues at point of k = (π/a)[0.5, 0.5] are given in Fig. 5 in which E n 's denote the normalized frequency eigenvalues (ω n a/2πc) and E e is the analytic solution. The average slope of TM and TE modes are 3.12 and 2.77 respectively. The results for TM modes show better performance over the TE modes case, not only in convergence but also in accuracy. This is due to the difference of smoothness properties of eigenvectors [16] . There may be several ways to enhance the accuracy of MLS results on TE modes. The meshfree treatment of discontinuity using Lagrange multiplier has been applied to solid mechanics by [21] . Its application to photonic crystals remains for our future study.
Square lattice of circular rods
Photonic band structures of square lattice comprised of circular rods are computed in this section. The square lattice structure and the square unit cell are illustrated in Fig. 6 . The unit cell in the figure is discretized by 1697 nodes. The radius of circular cross section is r = 0.2a for this example. Dielectric constants are ε m = 1.0 and ε r = 8.9 for matrix and rods respectively. In this case, there exists a wide band gap in TM modes as widely known in literatures. Our results on band structures also confirm the wide band gap in TM modes as shown in Fig. 7 . In this example, the width of band gap is determined by the 1st TM mode at point M and the 2nd TM mode at point X. The numerical results at these points obtained by both the MLS method and plane wave method are compared in Fig. 8 2 determine the size of system matrix to be solved.
Concluding remarks
In this paper, the value-periodic MLS shape function is implemented in order to calculate the frequency band-structure of 2D photonic crystals. Through numerical examples, it has been verified that MLS results are more accurate than those of the conventional plane wave methods. Specifically TM modes results of meshfree method are outstanding, compared with TE mode results. This property has also been found in other real-space techniques such as finite element method and finite difference method [14, 16] . In order to enhance the accuracy and convergence of TE modes solutions by the method, special techniques may be applied in our future study. Among them is the meshfree treatment of material discontinuity using Lagrange multipliers, which has been developed for solid mechanics by [21] . Extending MLS band-structure computation to 3D photonic crystal is an example to which our periodic MLS shape function can immediately be applied. The effect of mechanical deformation on the change of photonic band is also an interesting subject.
in a small region aroundx. The column vector p(x) must contain at least 1 and monomials in order to fulfill the linear reproducing conditions. For example, p(x) = [1, x, y, z] T for 3D. By reproducing conditions, we mean that the MLS approximation can reproduce exactly the functions which appears in p(x). This is the well-known feature of MLS-based meshfree methods. Any polynomials of higher order or arbitrary types of functions can be added in the component of p(x) for the specific purpose of enrichment in MLS approximation. After discretizing a problem domain by a set of points (I = 1, ..., N P ), the idea of moving least-square interpolant is used in determining the coefficient vector a(x). That is, a(x) is determined by minimizing the local error residual functional that is expressed as
where the window function W (x) is a compactly-supported continuous function. By solving ∂J/∂a = 0 for a(x), we have
where the moment matrix M(x) is defined by
Next we insert Eq. (18) 
Due to the symmetry of M(x), it is straightforward to verify that the shape function can also be written as
which is identical to Eq. (2) in Section 2. For comprehensive and systematic derivations of MLS shape function and its derivatives, it is recommended to refer to Refs. [19, 20] .
